Scheme for the detection of mixing processes in vacuum by Fillion-Gourdeau, F. et al.
Scheme for the detection of mixing processes in vacuum
Franc¸ois Fillion-Gourdeau,1, ∗ Catherine Lefebvre,1, † and Steve MacLean1, 2, ‡
1Universite´ du Que´bec, INRS-E´nergie, Mate´riaux et Te´le´communications, Varennes, Que´bec, Canada J3X 1S2
2Institute for Quantum Computing, University of Waterloo, Waterloo, Ontario, Canada, N2L 3G1
(Dated: September 12, 2018)
A scheme for the detection of photons generated by vacuum mixing processes is proposed to
observe the Quantum Electrodynamic photon-photon interaction. The strategy consists in the
utilization of a high numerical aperture parabolic mirror which tightly focuses two co-propagating
laser beams with different frequencies. This produces a very high intensity region in the vicinity
of the focus, where the photon-photon nonlinear interaction can then induce new electromagnetic
radiation by wave mixing processes. These processes are investigated theoretically. The field at
the focus is obtained from the Stratton-Chu vector diffraction theory, which can accommodate any
configuration of an incoming laser beam. The number of photons generated is evaluated for an
incident radially polarized beam. It is demonstrated that using this field configuration, vacuum
mixing processes could be detected with envisaged laser technologies.
PACS numbers: 42.50.Xa,12.20.-m,42.65.Ky
With recent advances in laser technology, that enable
unprecedented intensity levels (above 1020 W/cm2 [1]),
there has been a surge of interest in the study and dis-
covery of Quantum Electrodynamics (QED) processes in
laser physics [2]. One of the most important and surpris-
ing signatures of QED is the possibility of inducing wave
mixing in the “vacuum”, whereby electromagnetic radia-
tion of novel frequencies are generated from the interac-
tion between photons. This phenomenon is very similar
to processes occurring in nonlinear media, such as four-
wave mixing, harmonic generation and the propagation
in birefringent material. These are the result of the non-
linear polarization and magnetization characterizing the
medium response to an external electromagnetic field.
According to the QED effective action [3], an analogous
feature also exists in vacuum owing to photon-photon in-
teraction because these interactions also generate nonlin-
ear polarization and magnetization [4, 5]. For relatively
small field strengths obeying |E|, |B|  ES (where the
Schwinger field is ES = 1.3× 1018 V/m), the leading or-
der expression in the fine coupling constant α ≈ 1/137 of
the vacuum response scales like ∼ α2 and is cubic in the
electromagnetic field. As a consequence, the effect is very
weak for field strengths reached by current lasers and
thus, it has eluded experimental verification so far [6].
Nevertheless, many observables have been studied and
proposed theoretically to investigate the QED nonlinear-
ity, taking advantage of the formal analogy with optics.
These include four-wave mixing [4, 5], vacuum birefrin-
gence [7–10] and second harmonic generation [11]. All of
these processes occur due to the fact that QED induces
a cubic nonlinearity.
The present work proposes a scheme which could allow
the experimental study of QED processes (and possibly
other processes involving photons in the initial state) in
planned high-intensity laser infrastructures. More pre-
cisely, the emphasis is on mixing processes due to photon-
photon interactions, where two incident laser beams with
different frequencies ω1 and ω2 interact with each other
to generate harmonics (this study focuses on the gener-
ation of ωa = 2ω1 − ω2 and ωb = 2ω2 − ω1). The field
configuration considered is depicted in Fig. 1: two ra-
dially polarized laser beams are initially co-propagating
and tightly focused by a parabolic mirror with a High Nu-
merical Aperture (HNA). A similar experimental setup
has been used successfully in [12] to accelerate electrons,
but has never been applied to QED study. Mixing pro-
cesses then occur close to the focal point where the elec-
tromagnetic radiation reaches its highest field strength.
It will be shown that this geometry can generate a mea-
surable number of emitted photons while circumventing
some technical and experimental challenges. It also opens
the door for the study of other QED processes such as
pair production or Compton scattering.
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FIG. 1: Field configuration: an incident laser beam
(blue) with co-propagating frequencies ω1 and ω2 is
focused by a parabolic mirror (PM). At the focal point,
the field strength of the radiation is the highest and
photons of frequencies ωa = 2ω1 −ω2 and ωb = 2ω2 −ω1
(red) can be generated.
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2There have been some proposals to detect these mixing
effects using other field configurations. One of the ear-
lier works on this topic considered the four wave mixing
process of three linearly polarized plane and Gaussian
waves [4–6]. This was tested experimentally using two
strong counterpropagating beams and one weaker beam,
interacting at an angle [6]. It was concluded that the in-
tensity level used in the experiment was not high enough
to detect the QED effect, although it was possible to
put an experimental upper limit on the photon-photon
cross-section of σQED < 1.5 × 10−48 cm2 [6]. Similar
theoretical investigations have been performed, for other
promising field configurations, using the crossing of three
Gaussian beams with optimized polarizations [13] and by
considering the collision of two short pulses [14]. Also,
the diffraction of an X-ray probe on a tightly focused
beam has been studied [15]. Recently, the generation of
radiation from a single monochromatic strongly focused
beam was considered [16], where the nonlinearly induced
field has the same frequency as the incident laser field.
In this particular case, it is argued that the two signals
can be discriminated by using polarization because the
generated radiation has a field component orthogonal to
the incident linearly polarized field. Finally, the distor-
sion of the wavefront from self-induced QED interactions
was proposed for Gaussian beams [17].
The scheme considered in this article is based on
a novel combination of many techniques: one single
beam [16] with spectral shaping [18], radial polariza-
tion [12, 19], frequency mixing [13, 20] and tight focusing
[12, 16]. In particular, it is assumed that the incident field
has many frequency components that can mix through
nonlinear effects, generating a signal at a different fre-
quency. This approach offers an interesting alternative
to the above cited techniques because it allows for the
utilization of tightly focused radially polarized beams,
which enhance QED nonlinear effects [20].
In this article, the photon number and space distribu-
tion are evaluated for mixing processes occurring at the
focus of the HNA parabola. Describing the electromag-
netic field theoretically for such a configuration requires a
special theoretical treatment. In this work, the Stratton-
Chu vector diffraction is introduced to perform this task
[21, 22], which, to the best of our knowledge, has never
been used to study non-linear effects in vacuum. The
rationale behind this choice is that in a tightly focused
configuration, the beam divergence angle can obey  > 1
rad (for instance, this can be achieved experimentally in a
configuration where the numerical aperture is NA& 0.84
[23]). In this regime, techniques based on the paraxial
approximation do not converge [24]. On the other hand,
the Stratton-Chu formalism does not suffer from these
limitations.
The strategy to evaluate the photon distribution is di-
vided in three main steps: 1. Fixing the incident field.
2. Calculation of the field close to the focal point. 3.
Determination of the generated radiation. Each step
will be detailed in the following. QED units in which
~ = c = m = 0 = µ0 = 1 (where m is the electron mass)
and e =
√
4piα are used throughout the calculations.
The starting point of this work is the set of time-
dependent Maxwell’s equations given by
∂B(r, t)
∂t
= −∇×E(r, t) , ∇ ·B(r, t) = 0, (1)
∂D(r, t)
∂t
= ∇×H(r, t) , ∇ ·D(r, t) = 0, (2)
where r is the space coordinate, t is the time and E and
B are the electric and magnetic fields, respectively. The
displacement field D and magnetizing field H are given
in terms of the polarization P and magnetization M as
D(r, t) = E(r, t) +P(r, t), (3)
H(r, t) = B(r, t)−M(r, t). (4)
So far, this corresponds exactly to classical electromag-
netic theory in matter where the polarization and mag-
netization characterize the response of materials to the
electromagnetic field. According to the QED effective
action (Heisenberg-Euler action [3]), the “vacuum” also
behaves in a similar way due to photon-photon interac-
tions. Within this approximation, all fermionic degrees
of freedom are integrated out using the techniques of
low energy effective quantum field theories. In the weak
field limit, when |E|, |B|  ES , in the low photon en-
ergy limit, when ~ω  mc2, and for wavelengths smaller
than the Compton wavelength [25], this action yields the
Maxwell’s equations described previously, with polariza-
tion and magnetization vector fields given by [3]
P(r, t) = a
{
2
[
E2(r, t)−B2(r, t)]E(r, t)
+7 [E(r, t) ·B(r, t)]B(r, t)
}
, (5)
M(r, t) = a
{
2
[
B2(r, t)−E2(r, t)]B(r, t)
+7 [E(r, t) ·B(r, t)]E(r, t)
}
, (6)
where the constant a := 4α
2
45 . Maxwell’s equations, along
with the expression of the polarization and magnetiza-
tion obtained from the QED effective action, govern the
time evolution of the electric and magnetic fields with
photon self-interaction. These equations (3)-(6) can be
turned into wave equations for the electric and mag-
netic fields. They form a coupled set of six nonlinear
partial differential equations, which can be solved by
linearization, writing E(r, t) = E˜(r, t) + Efoc(r, t) and
B(r, t) = B˜(r, t) + Bfoc(r, t), where Efoc,Bfoc are the
focused external fields and E˜, B˜ ∝ α2 are the weak
fields generated by the nonlinear interaction: they obey
|E˜(r, t)|, |B˜(r, t)|  |Efoc(r, t)|, |Bfoc(r, t)|. The wave
3equations can then be solved using retarded potentials.
The latter can be simplified furthermore within the far
field approximation [26]:
E˜a(r, t) =
ω2ae
−iωa(t−R)
4piR
∫ [
−Rˆ×Ma,foc(s) +Pa,foc(s)
−Rˆ
[
Rˆ ·Pa,foc(s)
]]
e−iωaRˆ·sd3s, (7)
B˜a(r, t) =
ω2ae
−iωa(t−R)
4piR
∫ [
Rˆ×Pa,foc(s) +Ma,foc(s)
−Rˆ
[
Rˆ ·Ma,foc(s)
]]
e−iωaRˆ·sd3s, (8)
for photons generated at frequency ωa, where R := |r|
and Rˆ := r/R. The number of photons at this frequency
Na and their spatial distribution on the surface of the de-
tector Sd can be estimated from the time-averaged Poynt-
ing vector:
dNa
dSd =
τ
ωa
|〈Sa〉| = τ
2ωa
∣∣∣Re [E˜a × B˜∗a]∣∣∣ , (9)
where 〈· · · 〉 stands for the time average and τ is the pulse
duration, assuming a rectangular pulse time profile. To
complete the calculation, the evaluation of Ea,foc and
Ba,foc is required. Both correspond to the focused laser
field close to the focal region, which is now discussed in
the context of the Stratton-Chu diffraction formulation.
When a wave is strongly focused by a parabolic mirror
with a beam divergence angle  > 1 rad, the paraxial
approximation is unreliable and other techniques have to
be employed to solve Maxwell’s equations [24, 27]. The
Stratton-Chu integrals give the electromagnetic field gen-
erated by an opened emitting surface illuminated by an
incoming laser field Einc,Binc, at frequency ωa, for any
perfectly conducting surfaces. They are given explicitly
by [21, 22]:
Ea,foc(r, t) =
1
2pi
∫
S
{
ik(nˆ×Binc) + (nˆ ·Einc)∇S
}
GdS
− 1
2piik
∮
∂S
(∇SG) [nˆ× (nˆ×Binc)] · d`,(10)
Ba,foc(r, t) =
1
2pi
∫
S
{
(nˆ×Binc)×∇SG
}
dS
− 1
2piik
∮
∂S
(∇SG)(nˆ ·Einc)nˆ · d`, (11)
where S is the surface of the mirror, ` is the tangent vec-
tor on the mirror opening ∂S, nˆ is the unit vector normal
to the mirror, k is the wave vector and G is the Green’s
function. The parabolic shape of the mirror is accounted
for in the surface integral by setting r2S = 4f(zS + f)
for the coordinates on the parabola (in cylindrical coor-
dinates z and r), where f is the focal length. It is clear
from Eqs. (10)-(11) that any type of incoming laser field
can be used to evaluate the field at the focus, giving us
the flexibility to study various field configurations. More-
over, the Stratton-Chu equations are integral solutions to
Maxwell’s equations and thus, should describe accurately
any kind of fields in a tightly focused configuration. This
is an advantage to achieve a realistic description of an ex-
perimental setup using an HNA parabola, as compared
to other analytical methods based on the paraxial ap-
proximation [24] or an infinite parabola [27].
The incident laser field considered here is a collimated
radially polarized Gaussian laser beam propagating in
the −zˆ direction. Because it is collimated, the beam
divergence is inc  1 and the paraxial approximation
can be employed (as opposed to Efoc,Bfoc). The use of
the paraxial approximation in the incoming beam induces
a negligible error O(inc) in the calculation of the field at
the focus. The expression of the laser field is then given
by [24]:
Einc,r(rS , t) = −E0 2rS
kw20
e
− r
2
S
w20
−iωt−ikzS
, (12)
Einc,z(rS , t) = iE0
4
k2w20
[
1− r
2
S
w20
]
e
− r
2
S
w20
−iωt−ikzS
,(13)
Binc,θ(rS , t) = E0
2rS
kw20
e
− r
2
S
w20
−iωt−ikzS
, (14)
where w0 is the beam width, k is the wave number
and E0 is a normalization constant fixed from the time-
average value of the Poynting vector, which is given by
E0 = k
√
2U
piτ , where U is the energy per pulse. This
choice of incident field is justified by the fact that ra-
dially polarized beams can be focused on a smaller re-
gion compared to linear polarization, leading to a higher
field strength [23]. Moreover, they maximize the vacuum
polarization and magnetization close to the focal spot
because their only nonzero field component is longitu-
dinal (Ez 6= 0), which is a major advantage over other
polarizations. Finally, they can be obtained from lin-
early polarized beams using the technique described in
[12, 28]. They have been generated at high power (≈ 200
TW) and the extension of this technique to higher power
should be feasible, in principle [29]. At such high power,
nonlinear effects in glass, affecting the beam quality, ap-
pear when the fluence becomes too high. However, this
can be controlled by enlarging the beam if required.
All the ingredients to compute the photon distribu-
tion have been discussed. To summarize, the first step is
the calculation of the field at the focus using Eqs. (10)
and (11), for two frequencies ω1 and ω2. This is per-
formed numerically with Gauss-Legendre quadrature. In
the second step, the components of Pfoc and Mfoc with
frequencies ωa = 2ω1 − ω2 and ωb = 2ω2 − ω1 are ex-
tracted analytically and evaluated numerically. Finally,
the generated field is computed numerically using Eqs.
(7) and (8).
In numerical calculations, the wavelengths of the in-
4coming laser field are set to λ1 = 820 nm and λ2 = 780
nm, which can be obtained from a 800 nm beam by a
spectral pulse shaping technique [18]. Consequently, the
radiation from mixing processes in the vacuum will be
emitted at λa ≈ 864 nm and λb ≈ 744 nm. A broad
spectrum for the incident beams, required to describe
short pulses, can also be considered in principle. The
effect of this will be studied in future work.
Integrated over all angles of emission, the total num-
ber of photons N is sensitive to the incident laser pulse
characteristics (energy and pulse duration) as well as the
parabola parameters (i.e. focusing parameters). The to-
tal number of photons N emitted at ωa is shown in Fig.
2, as a function of the energy per pulse, for different focal
lengths. Clearly, for smaller focal lengths, the number of
photons can be enhanced by many orders of magnitude
due to the larger focused field. The trend is similar to
the results found in [16]. The scaling of N with the pulse
energy (U) shown in figure 2 can be obtained analyti-
cally from the scaling of the field and the expressions for
the emitted radiation: the number of photons scales like
N ∝ U3/τ2, which explains the rapid rise of the photon
production rate with the energy per pulse.
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FIG. 2: Total number of photons emitted at
ωa = 2ω1 − ω2, as a function of the energy per pulse for
focal length f = 0.01, 0.02, 0.04 and 0.10 m. The size of
the parabola aperture is rmax = 0.08 m. Incident pulse:
λ1 = 820 nm and λ2 = 780 nm with a Gaussian profile
w0 = 0.03 m and pulse duration τ = 30 fs.
In the following numerical calculations, we consider a 1
PW laser, which is now available [2], with a pulse length
of τ = 30 fs and an energy per pulse of U = 30 J. The
total number of photons emitted at ωa as a function of
focal length (f) and aperture size (rmax) is shown in Fig.
3. This result demonstrates that the number of pho-
tons emitted saturates at a certain value of rmax where
the non-reflected tail of the Gaussian beam is negligi-
ble. More interesting however is the non-linear increase
of the number of emitted photons as the focal length is
decreased or as the aperture size is increased: this ef-
fect is caused by the higher field strength attained as f
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FIG. 3: Total number of photons emitted at
ωa = 2ω1 − ω2, as a function of the focal length f and
the parabola aperture rmax. Incident pulse: λ1 = 820
nm and λ2 = 780 nm with a Gaussian profile ω0 = 0.03
m, pulse duration τ = 30 fs and energy U = 30 J.
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FIG. 4: Photon density as a function of the angle of
emission θ with respect to the optical axis of the
parabolic mirror of aperture rmax = 0.08 m and focal
length f = 0.02 m. Incident pulse: λ1 = 820 nm and
λ2 = 780 nm with a Gaussian profile ω0 = 0.03 m, pulse
duration τ = 30 fs and energy U = 30 J.
becomes smaller and rmax becomes larger. This can be
used to enhance the signal from wave mixing in vacuum.
In Fig. 4, the photon distribution as a function the an-
gle θ from the optical axis of the parabola (the z-axis) is
presented with some optimized parameters. In both mix-
ing cases (λa,b), most of the photons are emitted in the
range [40◦, 90◦]. This should guide future experiments
for optimizing the detection system.
The numerical results generally show that in a certain
parameter range, when the energy per pulse is large, the
focal length is small and when the aperture size is large,
a noticeable number of photons can be emitted by vac-
uum mixing processes. For instance, it is claimed that
the planned Apollon high-intensity infrastructure should
5deliver τ ∼ 15 fs pulses at 10 PW, for an energy per
pulse of 150 J [30]. Using a beam width of w0 = 0.2 m,
f = 0.02 m and rmax = 0.15 m, it would be possible to
produce N ≈ 6.5 photons per shot in our tightly focused
geometry. Radially polarized beams are instrumental to
reach this result because these beams, close to the focal
spot, have a longitudinal field with Bθ = Er = 0, Ez 6= 0
and thus, maximize the value of the Lorentz invariant
appearing in the vacuum polarization and magnetization
(Pfoc and Mfoc).
The main advantage of this geometry however pertains
to the alignment and synchronization of the beams: in
most scenarios (see [5, 13] for instance), one considers the
crossing of many laser beams. It is a very challenging
technical task to align and synchronize many highly fo-
cused counter-propagating short pulse laser beams while
preserving a high intensity at the interaction region. This
is because in order to obtain the intensity required to ob-
serve wave mixing in vacuum with lasers of 1 - 10 PW,
the laser has to be focused on a very small focal spot,
the size of a wavelength (λfocal spot ∼ λ). The technique
presented in this article circumvents these complications
because a single incident beam can be used. Then, the
mixing occurs at the focus between its different frequency
components and this process can be optimized by using
a spectral pulse shaping technique [18]. An experimental
challenge remains in producing an incident wavelength
pair such that the generated frequencies are outside of
the laser background. This could be implemented exper-
imentally by manipulating the frequency of the incident
beam (spectral shaping, frequency doubling, etc). Some
of these possible other configurations have been studied
theoretically (for instance, with λ1 = 800 nm, λ2 = 400
nm and λa = 266 nm) and gave similar results to the
ones presented in this article [31]. Other background
radiation coming from competing processes can also po-
tentially hide the signal. However, it has been argued
that they are orders of magnitude below the QED signal
for low enough pressure [32].
In conclusion, the QED photon-photon interactions
have been studied theoretically. A scheme, using a tightly
focused field configuration, radially polarized beams and
spectral shaping of the incident beam, has been pro-
posed. The numerical results obtained demonstrate that
the latter could be used to generate a noteworthy num-
ber of photons by photon-photon interactions for lasers
in the range of 1-10 PW and above, which is accessible
with soon available technologies. To perform the calcu-
lation, the Stratton-Chu formulation is introduced. This
methodology relates the number of photons emitted to
experimental parameters (f, rmax, w0, U, τ) and thus, is
important for future theoretical investigations in high-
intensity laser physics. Finally, the experimental setup
suggested could be relevant for the investigation of other
physical processes.
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